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Abstract. The constraint equations of general relativity can in many cases 
be solved by the conformal method. We show that a slight modification of 
^ j the equations of the conformal method admits no solution for a broad range 

■ of parameters. This suggests that the question of existence or non-existence 

of solutions to the original equations is more subtle than could perhaps be 
expected. 
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1. Introduction 

Initial data for the Cauchy problem in general relativity consists of a Riemann- 
ian manifold (M, g) and a symmetric 2-tensor K on M satisfying the following 
equations, 

R° ~\K\j+(tr°K) 2 = 0, (la) 

dxv s K-dti s K = 0. (lb) 

Here g represents the metric induced by the space-time metric on the Cauchy surface 
M, K is its second fundamental form, and R 9 is the scalar curvature of the metric 
g. The constraint equations (flj follow from the vacuum Einstein equation for the 
space-time metric. 

Constructing and classifying solutions of this system is an important issue. Back- 
ground and many results are summarized in the excellent review article [2] ■ One of 
the most important methods to construct solutions to this system is the conformal 
method. Its main idea is to choose part of the initial data as given and then solve 
for the rest of the data. 
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For the given data of an n-dimensional Riemannian manifold (M,g), n > 3, a 
function t on M and a symmetric traceless divergence-free 2-tensor a on M, one 
seek for a positive function (p and a 1-form W on M such that 



^ N - 2 g, K=-g + <p-*(<r + LW), 



n 

solve the constraint equations (fT]). Here we have set N ■= ^rj- Further, L denotes 
the conformal Killing operator acting on 1-forms. In coordinates 

{LW)ij = ViWj + VjWi - ^W k W k9lJ1 

where V is the Levi-Civita connection associated to the metric g. Note that r corre- 
sponds to the mean curvature of M embedded in the space-time solving Einstein's 
equations. 

The constraint equations are satisfied if ip and W solve the system 

4( "~ 1} Ay + Rip = -'l^lr 2 ^- 1 + \a + LW| V"" 1 . (2a) 
n — 2 n 

-\VLW = ^—^ip N dr, (2b) 
2 n 

where A is the non-negative Laplacian and L* is the formal L 2 -adjoint of L. As 
with all other metric-dependent objects used from here on they are defined using 
the metric g. The first equation is known as the Lichnerowicz equation while the 
second is called the vector equation. 

Of special importance is the case where r is constant, so that the corresponding 
Cauchy surface has constant mean curvature in the surrounding space-time. Making 
this assumption renders the system much simpler to solve. Indeed, Equation (|2b[) 
becomes L*LW = 0. Under the generic condition that (M,g) has no conformal 
Killing vector field this implies that W — 0, and it remains only to solve the 
Lichnerowicz equation (|2al) . 

Hence much work has been devoted to the study of the cases when r is constant 
or when dr small. We refer the reader to [5] and references therein for more details. 
However, as proven in pQ, such a Cauchy surface of constant mean curvature does 
not exist for all space-times. 

Recent new results were obtained for the case of arbitrary r by M. Hoist, G. Nagy, 
G. Tsogtgerel in |6], by D. Maxwell in [8], by the autho rs in [3], and by the 
second author with A. Sakovich in [3]. In [5], D. Maxwell studied a simplified 
model problem to get insight into the solvability of the system ([2]). 

Non-existence results for the system ([2]) are very rare, see for example [jj The- 
orem 2] and [3l Theorem 1.7] where a = is assumed. The purpose of this short 
note is to provide an example of a system very similar to the original system ([2]) 
which docs not admit any solutions as soon as a certain parameter is larger than a 
fairly explicit constant. We will prove the following theorem. 

Theorem 1.1. Let (M,g) be a Riemannian manifold of dimension 3 < n < 5 
with scalar curvature R < 0, R ^ 0. Let t be a function and a a symmetric 
traceless divergence-free 2-tensor on M . Assume that £ is a C 1 1-form which does 
not vanish anywhere on M . Then there is a constant ao such that there does not 
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exist any solution to the system 



4( " ^ Ay + Rip = -^J-r 2 ^- 1 + \a + LWftp-"- 1 , (3a) 
n — 2 n 

~^L*LW = aLp N Z, (3b) 

when a > clq. 

The constant ay depends on a Sobolev constant, a constant appearing in a Schauder 
estimate, max|£|, min|£|, ||L£IIl 2 ; ||L£||z,oo, ||t|| L 2jv, minr, ||i?||z,«, \W\\l n and on 
\\lP-Wln, where if- > is the solution of the prescribed scalar curvature equation 

4(n-l) . , _ n-1 ojv-i 



n-2 



-Atp + Rtp = T z ip J 



By the assumption on scalar curvature the metric g has negative Yamabe con- 
stant which guarantees the existence of the function ip_ . 

Note that the only difference between the modified system © and the original 
system © is that (n — l)dr in (|2bl) is replaced by a£. 

This theorem shows that if a general existence result (that is without additional 
assumption on r and a) for the system (|2|) exists, then its proof must use the fact 
that dr (appearing in (|2bjl ) is the differential of t and not an arbitrary 1-form. 
Even more, this seems to indicate that such a general statement could be false. 

The theorem stated here is certainly not in the most general form possible, our 
goal is simply to find an example of a non-existence result for the generalized system 

Acknowledgements. E. Humbert was partially supported by ANR-10-BLAN 0105. 

2. Proof of Theorem 11.11 
Assume that {ip, W) solves the system Q. We define 



7 



/ \a + LW\ 2 dn 



and rescale Equations (|5aj) - (l3b)) by setting 

tp := — ^<p, W := \w, a := —a. 

2N ^2 rj2 

The equations then become 



7" 



n-2 



Afi+Rfi) = - , —^t 2 $ n - 1 + a + LW y~ N ~ l , (4a) 



^L*LW = afi N t (4b) 



The proof of Theorem II .11 is decomposed in a sequence of claims. 



Claim 2.1. There exists a constant c\ > such that 
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We remark that ip > <p~ , see for example 3 . Taking the scalar product of ((3b 
with £ and integrating we get the central equality of the following estimate, 



\m 2 dn 



M 



M 



LW+afdfi) >~ I (L£,LW + a)dp 



M 



(Lf , LW) dfi 



M 



a I ip N |£| 2 dfi 

JM 



ip N dfi 



from which we conclude 



72 > 2 



>o(inf|f| 2 ) / ipldfi, 
(mf M |el 2 )/ M y^M a 



The claim thus holds with 



ci 



(inf M |£l 2 ) 2 q M ^^) S 



Claim 2.2. There exists a constant C2 such that 

C2 



$ N dfi < 



M 



We take the scalar product of (|4bj) with £ and integrate over M to find 
1 



Ml 



1 



> ~ 2 \\Lt 



LW + a 



<p N dfi 



L 


LW + a 







dfi 



<p dfi 



M 



> -- / m, LW + a) dfi 

1 JM 



(L£, LW) dfi 



M 



> 



a / ip N £| dfi 

JM 



or 



l^li 



M 



LW + a 



[p- N d^y > a (infiei 2 ) n$ N <b 
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From the Holder inequality we get 

2 



M 



LW + a 



ip N dji 





7 


LW - 


-a 




Jm 






<-( 


7 


LW - 


-a 




Jm 







$- N - x dfi 



A I 



LW + a 



dfi 



and together with the previous estimate we have found that 



(p N dfi) < 



A I 



i \m L 

2a (M M |£| 2 ) \J M 



[Jm 


LW + a 







^ N - x dfi 



To estimate the right-hand side we integrate Equation (l4al) . 



— - / Rip d/u, 
7~ Jm 

Since R < we see that 

2 



n — 1 



A I 



1 


a + LW 


IM 





p- N - x dfi. 



L 


a + LW 







n- 1 



n Jm 



T 2 y N ~ l dfL 



< 



n — 1 



T 2JV d M ) ( / ^dfi 



A I 



Inserting this estimate into (O we get 



<p N dfi) < 



A I 



1 /ra-l\ 2 C"+D 



2a V /i 



(inf M |CI 2 ) Um 



d/z 



2(JV + 1) 



1 



n 



IV / ll^ll 



' a/ (2a) A,+1 V « / V(inf A /|£| 2 ) 

which proves the claim with 

N+l 



N+l 



r 2N dfi\ , 



A I 



C2 := 



1 /n- 1 



2^+1 V n J V Mm l^l 2 ) 



ll^ll; 



T 2N dfi 



A I 



As a corollary, plugging Claim l2~2l into (j^J), we get 
Claim 2.3. There exists a constant C3 s«c/i i/iaf 



/ 


a + LW 


/ M 





C3 



(W + 1)(W-1) 



a w 

Claim 2.4. For a large enough there exists a constant C4 such that 



ip 2N dfi < C4. 



A I 
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We multiply (|4a)) by ip N+1 and integrate over M, 



7>» J M 



4(n-l) N + l 
n-2 (N 



7™ jm 
n - 1 



n J M 
n - 1 



(f +1) 

n — 2 ' J 

r 2 ip 2N dfi+ [ d + LW 2 dn 



T 2 & 2N dn + l, 



M 



from which we conclude that 

-4 / Rv N+2 dv + 

7" JM 

Using Young's inequality we infer 

N + 2 



n- 1 



n m 



(Mr) 2 / <p 2N dfi< 1. 



M 



Rlp N+2 d^ 



M 



< 



2N 
n- 1 



£ 2N d f i + 



M 



N-2 
2N 



\R\ «- 2 d[i 



M 



n J M 



JM n JM 



n - 1 



1 



M 



7" / JM 



(inf T )* -^ r ) I p 2N dn<l 



nj™ Jm 



\R\— dfi. 



Assuming that 7 « < |(infjvf t) 2 which by Claim |2~T1 holds for large enough a the 
claim follows with 



c 4 := 



2n 



1 



1 



\R\ N ~ 2 dji 



n-l (in£ M t) 2 \ n(mi M t) 2 J m 
Claim 2.5. If a is large enough, there exists a constant C5 such that 

N 



1 


a + LW 


Jm 





N 



d[i < C5CL 



From standard elliptic regularity and Sobolev injection there exists a constant 
C such that 



LW 



L N 



< C 



M 



-L*LW 
2 

r^2N i t |2 



< Ca 2 / |Cr dn 

JM 

<C(sup\t\) 2 c 4 a 2 , 



M 
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where we also used Claim E3] Hence 







N 




N 


L 


a + LW 


djjL = 


a + LW 










L N 



< \\a\ 



N 



< 2 



LW 

I AT 



N 



LW 



N 



L N 



<2 N ( M^+C* (sup \£\) N cJa N 

M 



This proves the claim with 



c 5 :=2 w + 1 C*( S up|e|) JV c 4 T . 

M 



Claim 2.6. There exists a constant cq such that 

2 







/ 


a + LW 


1m 





~N-2 



dfi < 



Cf, 



From Holder's inequality with Claims |2"T21 and l2~5l we get 



/ 


a + LW 


Im 





N-2 



A I 



a + LW 



N 



dfi 



(p djjL 



A I 



" 5 n {N+i)^ ' 



which proves the claim. 

Claim 2.7. There exists a constant cj such that 



L 


a + LW 







-N+2 



C7 



df- ^ (W-2)(W-1 



Using Holder's inequality and Claim [231 we find 

. 2 



A I 



a + LW 



< 



-N+2 



dfi 







2 \ n+t / r 




(L 


a + LW 


V (L 


a + LW 











r-JV-1 



N-2 
W+l 



< 



N - 2 

L 3 



(N -2)(N -1) ' 

a jv 



which is the statement of the claim. 

We are now ready to prove Theorem 11.11 For this we use the Holder inequality 
with Claims [2TB1 and [2~71 to get 

2 



M 



a + LW 



dfi 



<-J 


a + LW 


2 $ N - 2 dfi [ 


a + LW 


Jm 




Jm 





-N+2 



dfi 



(7) 



< CQCTa 



-(j V +l)^l+2- < W ^» W - 1 ' 



6-2N 
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The exponent of a is negative if and only if 3 < n < 5. Hence if a is large enough 
the inequality (O gives a contradiction. 
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